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Abstract: We simulate light propagation in perturbed whispering-gallery
mode microcavities using a two-dimensional finite-difference beam prop-
agation method in a cylindrical coordinate system. Optical properties of
whispering-gallery microcavities perturbed by polystyrene nanobeads are
investigated through this formulation. The light perturbation as well as
quality factor degradation arising from cavity ellipticity are also studied.
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1. INTRODUCTION
Whispering-gallery mode (WGM) microcavities are at the frontier of research on subjects rang-
ing from biosensing, nonlinear optics, and laser physics, to fundamental physics such as cav-
ity quantum electrodynamics [1–15]. Contrary to its rapid experimental advances, numerical
exploration of WGM’s has been largely lagging behind with a limited number of available
options [16–19]. On the other hand, the Beam Propagation Method (BPM) has a long his-
tory [20–28] in modelling light propagation along both straight and curved waveguides as
well as whispering-gallery microcavity eigenmode analyses [29]. Compared to boundary el-
ement [30–33], finite element [34], finite-difference time-domain [35], and free space radiation
mode methods [36], BPM remains highly efficient without sacrificing substantial accuracy. By
adopting a perfectly matched layer (PML) [37, 38] to absorb the light which is otherwise re-
flected at the computation window and following the procedure formulated in [39] to correct
inaccuracies incurred at the refractive index discontinuities in high refractive index contrast
waveguide structures, the Finite-Difference Beam Propagation Method (FD-BPM) can achieve
high accuracy with a rapid convergence rate. Conventional FD-BPM formulations are based
on the Fresnel approximation, where light is assumed to propagate close to the propagation
axis [22–24, 26]. To overcome this limitation for bent waveguide modelling, high-order algo-
rithms known as wide-angle BPM [40] or the conformal mapping approach [41] are desirable.
Alternatively, BPM may be reformulated in cylindrical coordinates systems to analyze such
structures [42–44].
In this work, we simulated the light propagation in a WGM microcavity by implementing
FD-BPM in a cylindrical system as shown in Fig. 1. The field perturbation from a nanobead at-
tached to the microcavity and quality factor degradation arising from cavity deformations were
investigated. The computed field distribution correctly includes the radiative field component,
which a mode analysis technique would fail to simulate.
Fig. 1: A cylindrical coordinate system.
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2. Formulation
From the Helmholtz equation, the field component Ez of the TE wave in a two-dimensional
whispering-gallery microcavity satisfies
∂ 2Ez
∂φ 2
+ρ2
∂ 2Ez
∂ρ2
+ρ
∂Ez
∂ρ
+n2(ρ,φ)k20ρ
2Ez = 0 (1)
where n(ρ,φ) is the refractive index of the cavity, k0 = 2pi/λ is the wave number in free space,
and λ is the vacuum wavelength of the light circulating in the cavity. For a perfect WGM
cavity with azimuthal symmetry, the refractive index is independent of φ (n(ρ,φ) = n(ρ)). The
electric field can be approximated as propagating in the form of
Ez(ρ,φ) = Aψˆmr(ρ)exp( jmφ) (2)
where ψˆmr(ρ) is the normalized mthr azimuthal modal field distribution such that the squared
norm |A|2 represents the circulating power of the mode and m=mr+ jmi is a complex constant
whose real part mr represents the azimuthal mode order when the cavity is in resonance with
the circulating light and its imaginary part mi characterizes the attenuation of the field in the
azimuthal direction. Note that, in general, the real part mr can be any real number for a given
wavelength λ . When a certain wavelength λm yields an integer value for mr, resonance occurs.
In addition, multiple wavelengths may yield an identical integer mr where eigensolutions ψˆmr
correspond to resonance whispering-gallery modes with the same azimuthal order mr but dif-
ferent transverse modes. Both quantities can be obtained from the nonzero solution of the mode
equation, in turn described as an eigenequation with eigenvalue m2 derived from Eq. (1):
[ρ2
∂ 2
∂ρ2
+ρ
∂
∂ρ
+n2(ρ)k20ρ
2]ψˆm = m2ψˆm (3)
If the aforementioned symmetry is broken due to an azimuthal angle dependent perturbation of
the refractive index n(ρ,φ) = n(ρ)+ δn(ρ,φ) where the perturbation δn(ρ,φ) n(ρ), one
may reformulate Ez as
Ez(ρ,φ) = ψ(ρ,φ)exp( jm¯φ) (4)
where m¯ is a reference value such that ψ(ρ,φ) varies slowly along the azimuthal direction or,
equivalently, the slowly varying envelope approximation (SVEA) holds. This is mathematically
written as
|∂
2ψ
∂φ 2
|  2|m¯∂ψ
∂φ
| (5)
It is necessary to point out that the choice of m¯ is arbitrary as long as SVEA holds; however, if
the wavelength of the light is close to the resonance wavelength of the mthr order unperturbed
WGM, it is convenient to select m¯=m. We will therefore drop the bar in the rest of the text for
convenience. Alternatively, one may treat m¯ = m(φ) as a φ -dependent quantity where m(φ) is
obtained from solving Eq. (3) at each angle φ for higher accuracy. From Eq. (5), we obtain the
wave evolution along the azimuthal direction according to
− j ∂
∂φ
ψ =
ρ2
2m
∂ 2ψ
∂ρ2
+
ρ
2m
∂ψ
∂ρ
+(
ρ2k20n
2(ρ,φ)
2m
− m
2
)ψ (6)
Discretizing the computation window uniformly so that the coordinates (ρp,φl) of each grid
(p, l) can be expressed as ρp = p∆ρ , φl = l∆φ , and ψ(ρp,φl) = ψp,l , one can evolve the field
at φl from a previous azimuthal angle φl−1 according to
4
apψp−1,l+1+( 1j∆φ +bp)ψp,l+1− cpψp+1,l+1 =−apψp−1,l+( 1j∆φ −bp)ψp,l+ cpψp+1,l
(7)
where
ap =
p(1−2p)
8m
bp =
p2(2−∆ρ2k20n2p,l+1)
4m +
m
4
cp =
p(1+2p)
8m
(8)
Here ∆ρ and ∆φ are grid spacings along the ρˆ and φˆ directions, as illustrated in Fig. 1. Also,
np,l is the refractive index of the waveguide structure at each point. Collecting ψp,l into a ket
form | ψl〉= (ψp0,l ,ψp0+1,l , . . .ψp0+N,l)T and rearranging Eq. (7) into a matrix form, we obtain
H˜| ψl+1〉= D˜| ψl〉 (9)
where H˜ and D˜ are two tridiagonal matrices. By adopting standard FD-BPM procedures, one
may obtain the field evolution via Eq. (9) from the excitation field at l = 0.
3. Results and Discussions
To characterize the BPM, we first tested it on a perfect silica microring resonator immersed
in water. The refractive index of the silica ring was 1.4508+ j(7.11× 10−12) [45, 46] at a
wavelength of 970 nm and the surrounding water had a refractive index of 1.327+ j(3.37×
10−6) [47].
The resonator had a 45-µm major radius and a 10-µm minor diameter. To simplify the anal-
ysis, we reduced the three-dimensional waveguide structure to a two-dimensional one through
the use of an effective index method (EIM) [48] along the z-direction. The cavity was excited
by a modal field obtained from the mode solver. To minimize the spurious reflection at the
edges of the computation window, a 4-µm PML [37] was placed at the edge of the computation
window. The PML is implemented by replacing the radial derivative with
∂
∂ρ
→ 1
1+ jσ(ρ)ω
∂
∂ρ
(10)
in which σ(ρ) is defined as
σ(ρ) =
{
σ0(ρ−ρ0)2 Inside the PML
0 Elsewhere
(11)
where ρ0 is the inner edge of the PML layer and σ0 is a constant. To optimize the PML per-
formance and determine the optimal value for σ0, a simple experimental simulation was con-
ducted. An optical beam was launched towards a 2-µm PML through a straight waveguide and
the reflected power was measured for different values of σ0. The different values of reflected
power versus σ0 are presented in Fig. 2. The insets show the field intensity for three different
σ0 values, wherein the white lines are the inner PML edges. The σ0 value is 0 in Fig. 2(a),
2.5× 1016 (i.e. the optimal value) in Fig. 2(b), and 1020 in Fig. 2(c). The optimal value was
then utilized for the remaining simulations.
In Fig. 3, we plot the intensity distribution in logarithmic scale by setting a 36-µm window
size, 1601 grids in the ρˆ direction, and 3000 grids in the φˆ direction for 2pi radians, where
we excited the ring with its fundamental mode. The field distribution is plotted in Fig. 3. The
resonance wavelength and the mode number calculated by the mode solver are 970.25 nm and
5
Fig. 2: Reflected power from a 2-µm PML vs. different σ0 values. The insets are the field
intensity for three different σ0 values: (a) 0, (b) 2.5×1016, and (c) 1020. The white lines indicate
the inner PML edges.
458 nm, respectively. The solid blue lines in Fig. 3 are showing the resonator edges and the
dashed blue lines define the PML boundary. As can be seen in this figure, a small portion of the
energy radiates towards the computation window edge yet the adopted PML efficiently prevents
the otherwise spurious reflection from returning to the resonator.
We further computed the quality factor Q for different grid schemes according to Q =
2pimrP(φ = 0)/(P(φ = 0)− P(φ = 2pi)). P(φ) is the total power at an azimuthal angle φ .
Fig. 4(a) is the plot of quality factor vs. radial and azimuthal grid spacings. The computation
window is set to 20 µm in the ρˆ direction and pi in the φˆ direction. As is depicted, Q converges
from 5.4×106 towards 4.99×106 by reducing the grid spacing from 200 nm to 3.1 nm in the
radial direction and 0.196 radians to 0.0015 radians in the azimuthal direction. We also com-
puted the relative error by adopting the Q calculated by Richardson extrapolation as a reference
value. As seen in Fig. 4(b) this was reduced to 5× 10−4 from 8× 10−2, accordingly. Further-
more, in Fig. 4(c) we plot the Q as well as the relative error as a function of azimuthal grid
spacing ∆φ by setting ∆ρ = 3.1 nm. In Fig. 4(d) the same quantities are plotted as a function of
radial grid spacing ∆ρ . The least square fits to the relative error curves indicate a convergence
rate of 0.9 in the azimuthal direction and 2.8 in the radial direction. Clearly, this suggests that
faster convergence is attainable by adopting higher-order finite-difference schemes.
In Fig. 5, we plot the resonance wavelength (blue cross markers) and corresponding relative
error (red cross markers) vs. radial grid spacing ∆ρ by setting ∆φ = 0.003 radians. Here, the
resonance wavelength λres is obtained from the round trip total phase shift ∆Φ of the electrical
6
Fig. 3: Field intensity in logarithmic scale, where the radiation is observable. To reiterate, the
solid blue lines are showing the resonator edges and the dashed blue lines are showing the PML
edges.
field computed from the wavelength λ adopted in the BPM according to λres = ∆Φλmr , where the
resonance wavelength λres = 970.21 nm calculated via Richardson extrapolation is used as a
reference. A least square fit to the relative error indicates a O(∆ρ) convergence rate.
To further demonstrate the validity of the formulation, we launched an arbitrary Gaussian
field at the input of the same structure as illustrated in the insets (red curve) of Fig. 6. For
comparison, we also plotted the fundamental mode profile obtained by the mode solver and
displayed it as the blue curve in the insets. As shown in the insets of Fig. 6, after propagating
1, 25, and 125 rounds in the resonator from left to right, the circulating field distribution grad-
ually evolves into the mode profile. To quantitatively analyze the field evolution, we define a
normalized overlap factor Γˆ = 〈ψˆo | ψˆi〉. ψˆi is the normalized mode profile and ψˆo is the nor-
malized output field profile after each round trip of propagation. The magnitude of the overlap
factor and its departure from unity are respectively plotted in Fig. 6 as blue and red curves. As
is shown, the overlap factor reaches 0.99 at the 200th round trip.
In Fig. 7, we excited the cavity in continuous wave (CW) mode and plot the accumulated
power normalized to the input power at the input of the cavity P/Pin as a function of the num-
ber of rounds light circulated in the cavity. As illustrated, P/Pin saturates to 1.95× 106 (blue
curve) when resonance occurs. The saturation power is in excellent agreement with the the-
oretic prediction of Psat/Pin = Q
2
pimr that can be obtained from a mode solver with a relative
error around 10−6 after circulating more than 25,000 rounds, as indicated in the red curve. We
further plotted the total power when the input light wavelength had reached the full wave at
half maximum point (λFWHM = (1+1/2Q)λres, i.e. the green curve). As expected, the power
saturated to half of that corresponding to resonance.
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(a) (b)
(c) (d)
Fig. 4: (a) Quality factor vs. grid spacings, (b) its relative error vs. grid spacings, (c) vari-
ations for the cross section at ∆ρ = 3.1 nm, and (d) variations for the cross section at
∆φ = 0.0015 radians. In (c), the last two points are omitted for the line of best fit.
Fig. 5: Resonance wavelength of the ring resonator and its relevant error vs. grid size in the ρˆ
direction.
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Fig. 6: Overlap factor between the output profile and mode profile as well as its relative error
vs. round trip number. The mode profile (blue) and output profile (red) at the 1st, 25th, and 125th
rounds of propagation are plotted in insets from left to right.
Fig. 7: Power at the output of the ring after each round trip normalized to the first round power
for resonance (blue), for λres(1+ 12Q ) (green), and the resonance power’s relative error (red).
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Next, we applied the BPM to whispering-gallery mode nanodetection modelling [4, 5]. Here
we simulated the induced resonance wavelength shift caused by single polystyrene beads bind-
ing to the surface of a silica microtoroid immersed in water [5]. We modeled the 3D microtoroid
and bead structure in 2D using the effective index method (EIM) [48]. The field evolution across
a 400-nm radius bead attached to the cavity is displayed in Fig. 8(a), while a zoomed-in plot
of field distribution around the bead is displayed as an inset. We further obtained the resonance
wavelength shift from the additional phase shift of the electrical field attributed to the bead
(i.e. ∆λres = ∆Φ2pimλres) and plotted them as a function of bead radius in Fig. 8(b) as red cross
markers. For comparison, we also plotted the corresponding shift predicted by the perturbation
method [49]. As shown, both are in good agreement aside from the fact that there is a identifi-
able departure due to the 2D simplification with EIM. We believe that a three-dimensional full
wave beam propagation method should model the shift with higher accuracy.
(a) (b)
Fig. 8: (a) Field intensity (in logarithmic scale) over a slice of the ring, where the 400-nm bead is
located. The inset shows the field distribution inside the bead. (b) Resonance wavelength shift
vs. nanobead radius, for λ = 970 nm, calculated by the BPM method (red) and perturbation
method (black).
Finally, we applied the BPM to model the ellipticity effect. Setting the major radius at φ = 0
to 45 µm and sweeping the other radius from 32.5 µm to 55 µm, we calculated the quality
factor as explained before using BPM. The window size is set to 50 µm with 2201 grids in
the ρˆ direction and 2pi radians with 3000 grids in the φˆ direction. We excited the ring with its
fundamental mode for a 45-µm major radius and 10-µm minor diameter ring resonator. Fig. 9
shows the quality factor as a function of ellipticity, in which the ellipticity is defined as
e= 1− R90
R0
(12)
where R0 = 45 µm is the fixed radius and R90 is the variable radius for φ = 90◦. The inset in
Fig. 9 shows the field intensity for the extreme case of R90 = 32.5 µm.
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Fig. 9: Quality factor vs. ellipticity. The inset shows the field intensity for R0 = 45 µm and
R90 = 32.5 µm.
4. Conclusion
In conclusion, we implemented a 2D Finite-Difference Beam Propagation Method for simulat-
ing light propagation in whispering-gallery mode microcavities. With this method, we demon-
strate the calculation of key optical properties such as resonance wavelength, quality factor in
cases where the azimuthal symmetry is absent due to singular perturbations from nano particles,
and ellipticity of the cavity. The field scattering that arises from asymmetry is clearly visible
from our simulation. Such properties are not readily obtainable through first-order perturba-
tions on whispering-gallery modes as traditionally treated by other groups. Therefore, cylin-
drical BPM addresses the need for in-depth study of areas such as biosensing with WGM’s
where azimuthal symmetry is perturbed. A full vectorial three-dimensional BPM approach will
be investigated in future research.
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